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Abstract. Taubes established fundamental properties of J— holomorphic 
subvarieties in dimension 4 in [9]. In this paper, we further investigate 
properties of reducible J— holomorphic subvarieties. We offer an upper 
bound of the total genus of a subvariety when the class of the subva- 
riety is J— nef. For a spherical class, it has particularly strong conse- 
quences. It is shown that, for any tamed J, each irreducible component 
is a smooth rational curve. We also completely classify configurations 
of maximal dimension. To prove these results we treat subvarieties as 
weighted graphs and introduce several combinatorial moves. 
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1. Introduction 

Let (M, J) be a closed, almost complex 4— manifold. In this paper we 
study properties of reducible J— holomorphic subvarieties in M. Here J is 
not always assumed to be tamed. 
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Definition 1.1. A closed set C C M with finite, nonzero 2- dimensional 
Hausdorjf measure is said to be an irreducible J—holomorphic subvariety 
if it has no isolated points, and if the complement of a finite set of points 
in C, called the singular points, is a connected smooth submanifold with 
J— invariant tangent space. 

A J—holomorphic subvariety Q is a finite set of pairs {(Cj,mj), 1 < i < 
n}, where each Ci is irreducible J—holomorphic subvariety and each rui is a 
non-negative integer. The set of pairs is further constrained so that Ci ^ Cj 
ifi / 3- 

Pseudo-holomorphic subvarieties are closely related to, but clearly dif- 
ferent from pseudo-holomorphic maps. They are the real analogues of one 
dimensional subvarieties in algebraic geometry. 

When J is understood, we will simply call a J—holomorphic subvariety 
a subvariety. An irreducible subvariety is said to be smooth if it has no 
singular points. A subvariety = {(Cj,mj)} is said to be connected if UCj 
is connected. 

Taubes provides a systematic analysis of pseudo-holomorphic subvarieties 
in [9]. Suppose C is an irreducible subvariety. Then it is the image of 
a J—holomorphic map (/) : S — )• M from a complex connected curve S, 
where (j) is an embedding off a finite set. S is called the model curve and 
(f) is called the tautological map. The map (/> is uniquely determined up to 
automorphisms of S. This understood, the associated homology class ec is 
defined to be the push forward of the fundamental class of S via (j). And for 
a subvariety 0, the associated class ee is defined to be ^ miCc,- 

A special feature in dimension 4 is that, by the adjunction formula, the 
genus of a smooth subvariety C is given by g.j{ec) defined as follows. Given 
a class e in H2{M] Z), introduce the J— genus of e, 

(1) gj{e) = i(e-e + JCj-e) + l, 

where Kj is the canonical class of J. 

Moreover, when C is irreducible, gj{ec) is non-negative. In fact, by the 
adjunction inequality in [7], gj{ec) is bounded from below by the genus of 
the model curve S of C, with equality if and only if C is smooth. 

We investigate, under what conditions on the class e, gj{e) still bounds 
the total genus of any connected, reducible subvariety in e. 

Definition 1.2. The total genus t{Q) of Q is defined to be '^igjieci)- 

Question 1.3. Suppose e is a class with gj{e) > and Q = {(Cj,mj)} is a 
connected subvariety in the class e. Find general conditions such that 

(2) 9j{e) > t{@). 

The study of Donaldson's "tamed to compatible" question and almost 
Kahler Nakai-Moishezon duality by Taubes' subvariety-current-form strat- 
egy P, [6] led us to this problem in the case gj{e) = and J is tamed. This 
problem is very subtle when there are irreducible components with negative 
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self-intersection and high multiphcity; incorrect assertions are easily made 
from geometric intuition (see e.g. Example 13. 3p . 

In this paper, we settle it for J— nef classes. A class e is said to be J— nef if 
it pairs non-negatively with any J— holomoprhic subvariety. Whence there 
is a J— holomoprhic subvariety representative in a J— nef class, we have 
e • e > 0. 

Theorem 1.4. Suppose e is a J— nef class with gj{e) > 0. Then ([2|) holds 
for any connected subvariety in the class e. 

To prove Theorem 1 1.4^ we treat subvarieties as weighted graphs, and use 
curve expansion and curve combination to rearrange the multiply covered 
part. In fact, these techniques are also effective analyzing when the stronger 
bound 



When gj{e) = 0, we actually have equality. 

Theorem 1.5. Suppose e is a J— nef class with gj{e) = 0. Let Q be a 
J —holomorphic subvariety in the class e. 

• If Q is connected, then each irreducible component of Q is a smooth 
rational curve, and Q is a tree configuration. 

• If J is tamed, then G is connected. 

Here, for a tree configuration, we refer to Definition 14.21 In particular, 
distinct components in a tree configuration intersect at most once. 

Recall that J is said to be tamed if there is a symplectic form oj such 
that the bilinear form a;(-, J(-)) is positive definite. The tameness is neces- 
sary for the second bullet since otherwise there could be a null homologous 
J— holomorphic torus in 0. 

Thus, configurations in a J— nef spherical class match our geometric in- 
tuition: each component is a smooth rational curve. A particularly nice 
consequence is 

Corollary 1.6. Suppose J is a tamed almost complex structure and e is 
represented by a smooth rational curve. Then for any subvariety in the class 
e, each irreducible subvariety is a smooth rational curve as well. 

We will comment on various versions of this result in the literature ([2], 



By "automatic regularity" of a smooth rational curve, the irreducible part 
of the moduli space for a J— nef spherical class is a smooth manifold of right 
dimension. Tameness assumption would guarantee it to be non-empty. We 
further show (in Corollary I4.10p that the reducible part always has smaller 
dimension. 

We also investigate which stratum of the reducible part has codimension 
one. It is interesting that, in this case, the curve combination moves we 



(3) 




holds. 
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applied to prove Theorem 11.41 have a nice interpretation as combinatorial 
blow-downs. This viewpoint makes it possible to classify the corresponding 
connected configurations in Theorem 14.221 when 6"'" = 1. Precisely, these 
configurations are shown to be either successive infinitely near blow-ups 
of a single smooth curve, or successive infinitely near blow-ups of a comb 
configuration along the spike curve. 

We appreciate useful discussions with D. McDuff, W. Wu. The authors 
benefited from NSF grant 1065927 (of the first author). The second author 
is partially supported by AMS-Simons travel grant. 

2. PSEUDO-HOLOMORPHIC SUBVARIETIES 

We always assume M is a 4— dimensional manifold with a fixed almost 
complex structure J. 

2.1. Properties of irreducible subvarieties. 

2.1.1. Genus and adjunction number. Let C be an irreducible subvariety. 

The geometric genus of C is defined to be the genus of its model curve 
Cq. The arithmetic genus of C is 5 j(ec). 

The next result follows directly from the adjunction inequality. 

Lemma 2.1. If gj{ec) = 0, then C is a smooth rational curve. 

is convenient to introduce the adjunction number. 
Definition 2.2. The adjunction number of e is given by 

adj{e) = e ■ e + Kj ■ e. 

Notice that 

2gj{e) = adj{e) + 2. 
By the adjunction inequality, adj{ec) > —2. 

2.2. The moduli space. In this subsection we fix a class e. 

The moduli space of subvarieties in the class e. Me, is defined as in [9]: 
Any element in Alg is a subvariety with ee = e. 

Definition 2.3. A homology class e € H2{M;'Z) is said to be J— effective 
if Me is nonempty. 

We use Mirr,e to denote the moduli space of irreducible subvariety in 

class e. Let Mred,e denote Me \ Mirr,e- 

2.2.1. Topology. Me has a natural topology. Let |0| = ^(c,m)eBC denote 
the support of @. Consider the symmetric, non- negative function, g, on 
Me X Me that is defined by the following rule: 

(4) g{&,Q') = sup dist(z, |e'|) + sup dist(z', |e|). 

2G|0| 2'e|0'| 

The function g is used to measure distances on A^e- 
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Given a smooth form u we introduce the pairing 



(i^, G) = m j V. 

(c,m)Ge •'^ 



The topology on M.e is defined in terms of convergent sequences: 
A sequence {Qk} in -^e converges to a given element if the following 
two conditions are met: 

• limfc^oo £»(©, ©fc) = 0. 

• limfc_>oo('^) ©fc) = ('^j 0) for any given smooth 2-form v. 
Definition 2.4. Given a class e, introduce its J— dimension, 



Le is the expected dimension of the moduli space A4e- 

2.2.2. Smooth rational curves. When e is a class represented by a smooth 
rational curve, we introduce 



The following is an immediate consequence of the adjunction formula and 
the adjunction inequality. 

Lemma 2.5. If gj{e) = 0, then 

• ie = e ■ e + \, where be is defined in ([5]); 

• every element in Aiirr,e is a smooth rational curve. 

One special feature of the moduli space of smooth rational curves is the 
following automatic transversality ([4]), which is valid for an arbitrary al- 
most complex structure. 

Lemma 2.6. Let e he a class represented by a smooth rational curve with 
e ■ e > —1. Then A4irr,e is a smooth manifold of dimension 2le. 

2.3. J— nef class. 

Definition 2.7. A homology class e S H2{M;Z) is said to be J— nef if it 

pairs non-negatively with any J— effective class. 

The following lemma immediately follows from the positivity of intersec- 
tions of distinct irreducible subvarieties. 

Lemma 2.8. Ife is represented by an irreducible J—holomorphic subvariety 
and e ■ e > 0, then e is a J— nef class. 

On the other hand, if e is J— nef and J— effective, e • e > 0. 

For a tamed almost complex structure J, the notion J— nef is introduced 
in [6] which aims at a similar role of nef classes in Kahler geometry. It is 
known that, when J is Kahler, in any big and nef cohomology class, there is 
a Kahler current. This plays an intermediate role in [T] to construct Kahler 
forms. For the subvariety-current-form strategy, Taubes current is such an 
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/g = maxjie, 0}. 
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intermediate object, which is usuahy constructed through integrations over 
certain moduh space of subvarieties. Hence, our definition of J— nef mimics 
the original algebraic one, instead of the Kahler notion. Notice our definition 
does not require the existence of an almost Kahler form. 

2.4. When J is tamed. Here is a well known fact that we will need in 
Section 4. 

Lemma 2.9. If J is tamed then the homology class ec of any subvariety C 
is nontrivial. 

Another basic fact is that Aie is compact by the Gromov compactness. 

2.4.1. Kj— spherical class are J— effective. Let S be the set of homology 
classes of M which are represented by smoothly embedded spheres. 
The set of Xj— spherical classes is defined to be 



Proposition 2.10. Let e be a class in Skj- 

• Suppose e ■ e > —1. Then for any symplectic form lo taming J, 
the Gromov-Taubes invariant of e is nonzero. In particular, Me is 
nonempty, i.e. e is J— effective. 

• If e- e>0, then M has to be rational or ruled, which has b^ = 1. 

Proof. The first statement is a consequence of Taubes's symplectic Seiberg- 
Witten theory, see e.g. [5j. 

The second statement follows the first statement and [7j. □ 



In this section, we prove Theorem II. 4[ 
3.1. Two simple cases. Suppose = {(Ci,mi), • • • , (C„,m„)}. Let Cj = 



3.1.1. Multiplicity one. We first deal with the case where each mi is equal 
to one. 



Lemma 3.1. Suppose 6 = {{Ci, 1), • • • , (C„, 1)}, both ([2]) and 1^ hold. 
Proof. We compare the adjunction numbers: 



By the adjunction inequality, adj{ei) > —2. By the positivity of intersec- 
tions, Cj • Cj > for any i j. 



Skj = {e G S\gj{e) = 0}. 



3. Bounding the total genus 
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If there are I components, then there are at least I — 1 transversal inter- 
section points. Thus 

2gj{e) = adj{e) + 2 = X]. adj{ei) + ■e.j + 2 

(6) > Y!i=i (^dj{e,) + 2(/ - 1) + 2 

= EUM'(e*) + 2) = 2E5J(e^). 

□ 

3.1.2. One component. Next we deal with the case that there is only one 
component. 

Lemma 3.2. Suppose = {(Ci,n)} with n > 1. Both Q and ([2]) hold if 
ei • ei > 0. When ei • ei = 0, ([2]) holds if gj{ei) > 1. 

Proof. 

2[gj{e) -ngj{ei)] = (n^ - n)ei • d + (2 - 2n) 

If ei • ei > 0, then 5rj(e) - n 5j(ei) > (n - l)(n - 2) > 0. 
When ei • ei = 0, 

2[gj(e) - 5j(ei)] = (n - l)Kj • ei = 2(n - l)(<7j(ei) - 1). 

□ 

On the other hand, if ei • ei < 0, then ([3]) always fails and ([2]) could fail. 

Example 3.3. Suppose M = CP^t^IOCP^ and there is a smooth J —holomorphic 
genus one curve C in —Kj. Then the subvariety = {(C, 2)} fails ^ since 
gj{-2Kj) = andt{@) = 1. 

The multiplicity one case and the one component case are settled, even 
without the J— nef assumption. 

We next introduce moves to reduce the general case to these two simple 
cases. To better describe these moves and their properties we view reducible 
curves as graph like objects, and introduce curve configurations. 

3.2. Nef, connected weighted graphs. 

Definition 3.4. Here a weighted graph refers to a graph whose vertices are 
weighted by a pair of a J— effective class S H2{M;7j) and a positive integer 
multiplicity. 

The edges are determined by the weighted vertices: there is an edge con- 
necting two vertices whenever the intersection number of their classes is 
nonzero. Further, label each edge by the intersection number of the classes 
of its vertices. 

The adjunction number and the self-intersection number of each vertex 
are those of its homology class. 

Definition 3.5. A curve configuration is a weighted graph satisfying the 
following two properties: 

• the adjunction number of each vertex is at least —2. 
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• the label of each edge is positive. 

Specifically, to each reducible curve, we assign a weighted graph as follows: 
to each component Cj, assign the vertex, still denoted by Ci, weighted by 
the pair {ei,mi). 

Notice that for each pair of intersecting components Ci,Cj, there is an 
edge connecting the corresponding vertices labeled by their intersecting num- 
ber, and all edges arise this way. Clearly, the resulting weighted graph is 
a curve configuration due to the adjunction inequality and the positivity of 
intersection. Moreover, the curve configuration is connected as a graph if 
and only if the reducible curve is connected. 

Introduce the total class of a weighted graph in the obvious way. The 
adjunction number (resp. J— genus) of a weighted graph is then defined to 
be the adjunction number (resp. J— genus) of its total class. 

Definition 3.6. A weighted graph is said to he nef if its total class pairs 
non- negatively with the class of each vertex. 

Lemmas 13.11 and 13.21 now takes the following form. 

Lemma 3.7. Given a connected curve configuration, if the multiplicity of 
each vertex is 1, then the sum of J— genus of vertices is bounded from above 
by the J— genus of its total class. 

Given any nef curve configuration with only one vertex weighted by (ei, n), 
let e = nei. Then 

• gji^) ^ 'ngj{ei) holds when ei • ei > 0. 

• 5j(e) > S'j(ei) when ei ■ ei = 0. Especially when gj{e) = 0, n = 1. 

Proof. The first statement is exactly a rephrase of Lemma [3.1l in the weighted 
graph language. 

For the second statement, it follows from Lemma 13.21 and the following 
observation: By Lemma 12.81 ei • ei > since ei is a J— effective class and 
the weighted graph is nef. 

□ 

And Theorem II .41 follows from 

Proposition 3.8. Given a connected, nef, curve configuration, then the 
sum of J— genus of vertices is bounded from above by the J— genus of its 
total class. 

3.3. Curve expansion and curve combination. 

3.3.1. Gurve expansion. We start with moves on vertices with non-negative 
self- intersection. 

Given a weighted graph, for each vertex C with weight (ec,m) such that 
ec ■ ec > and m > 1, replace it by m vertices, C{k),l < k < m, weighted 
by (ec, 1). This operation is called curve expansion. 
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Lemma 3.9. Given a connected curve configuration with at least two ver- 
tices, the expanded weighted graph is still a connected curve configuration. 
If the original configuration is nef, so is the new one. 

The sum J2i9ji^i) always non- decreasing. The sum 'Yli'^idji^i) ^■^ 
non- decreasing if curve expansion is not applied to vertex C with weight 
(ec, m) such that ec • ec = 0, m > 1 and g,j{ec) > 0. 

Consequently, Proposition \3.8\ is true if the multiplicity of each vertex with 
negative self-intersection is 1. 

Proof. Consider the expanded curve configuration. 

Notice that the new vertices C{k) have the same first weight and then 
the same adjunction number as that of C. 

There are two kinds of new edges. If there is an edge connecting C with 
another vertex D in the original curve configuration, then there is an edge 
joining D with each C{k) by an edge with the same positive label. Therefore 
the resulting weighted graph is connected. If the self-intersection number of 
C is positive, then there is an edge joining each pair of C(A:). Since the labels 
of these edges are also positive, the resulting weighted graph is a connected 
curve configuration with the same total class and the same total multiplicity. 

The genus estimates essentially follow from Lemma 13.21 The inequality 
gj{mec) > dji^c) always holds when ec • ec > 0. Hence Ylidji^i) non- 
decreasing. If we are not applying expansion for {ec,m) with ec • ec = 0, 
m > 1 and gj{ec) > 0, the strong inequality g,j{mec) > rng,j{e-c) holds, 
which implies Yli''^i9j(.^i) non-decreasing. □ 

Thus we may assume all the vertices with non-negative self-intersection 
have multiplicity 1. 

Next we deal with vertices with negative self-intersections, especially — 1 
vertices. Here a vertex is called a —1 vertex if its class has self-intersection 
-1. 

3.3.2. Curve combination. Given a connected curve configuration with the 
property that any vertex with multiplicity greater than 1 has negative self- 
intersection. 

(i) Suppose there are two adjoined vertices Vi, V2 weighted by {Di, rii) with 
ni = n2 = n. Collapse them to a vertex V weighted by {Di + D2,n). 
We call this move (i)n- 

(ii) Suppose there are two adjoined vertices V\,V2 weighted by {Di,ni) 
with ni > 71-2, and Di ■ D2 > —Di ■ Di. Replace them by two vertices 
V,V' weighted by {Di + D2,n2) and {Di,ni — 712) respectively. 

(iii) Suppose there is a —1 vertex E with multiplicity no, and there are 
neighboring vertices weighted by (Dj,nj),l < i < t, with Di ■ Di < 
-2,1 <i<t and 

niDi ■ E -\ h TitDt ■ E = nQ. 

Replace them by t vertices weighted by {Di + {Di • E)E, Ui), 1 < i < t. 
Notice that here we allow rij = 1. 
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To record the value of t, we sometimes call this move (iii)t. 
The following simple observation is crucial for us: 

Lemma 3.10. If we apply any of the three moves above to a connected, nef 
curve configuration, the new weighted graph is a connected, nef curve config- 
uration with the same total class. Moreover, it has the following properties: 

• The sum of the multiplicities of vertices gets smaller. 

• The sum gj{ei) is non- decreasing for any curve combination move. 

• Yli f^idji'^i) ^^^0 non- decreasing for any curve combination move. 

Proof. Firstly, we notice that the first weight of each vertex is still a J— effective 
class since it is a linear combination of that of old vertices with non-negative 
coefficients. 

To show that the new configuration is a curve configuration, we first verify 
the adj condition: 

(7) adj{Di + D2)>2 + adj{Di) + adj{D2) > -2 
for moves (i) and (ii), and 

(8) adj{D, + (A • E)E) = adj{Di) + {D^ ■ Ef + {2gj{E) - 1)A ■ E > -2 
for move (iii). 

Next we verify the label condition. Clear for moves (i) and (ii). For move 
(iii), the label of each new edge is 

(A + (A • E)E) ■ {Dj + {Dj ■ E)E) = A • Dj + (A • E) ■ {Dj ■ E) > 0. 

Let us prove the curve configuration is connected. It is clear for move 
(i). For move (iii), consider the collection of new vertices. The sum of 
their classes is the sum of the classes of the replaced vertices, so at least 
one of new vertices is connected to the rest of the configuration. Moreover, 
any two new vertices arc adjoined to each other since we have shown that 
(A + (A • E)E) ■ (Dj + (Dj ■ E)E) > 0. 

For move (ii), we need the nefness condition. If Vi is connected to another 
vertex in the original configuration other than V2, then the new vertex V 
is adjoined to the same vertex. Hence, the new configuration is connected. 
Otherwise, only V2 is connected to other vertices. The graph is assumed to 
be nef, thus 

e • A = (ni - ns) A • A + n2(A • A + A • A) > 0, 
which implies 

A • (A + A) > "'"""' (-A • A) > 0. 
n2 

This shows the new configuration is still connected since V is connected to 
the vertices that D2 was connected to. 

For the first bullet of the properties, the sum of multiplicities are reduced 
by n2 for the first two moves, and uq for the third. 
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For the second and the third bullets, the conclusion for first two moves 
follows from ([7]). For the third move, ([8]) implies 

adj{D, + (A • E)E) > adj{Di) + 2(A • E)gj{E). 

This shows 

Y!i=ln^gJ{D^ + {D,■E)E) 

> Y.\=M9j{Di) + n,Di ■ Egj{E)) 

= Ei=i ni9j{D.i) + nogj{E). 

Similarly, ^-=1 + (A • E)E) > Zl=i gj{D,) + gj{E). □ 

Here is an example how to apply these moves. 

Example 3.11. Consider the curve configuration in CP^^SCP^ with 4 ver- 
tices weighted by 

^H-Ei-E2-E3,n), {H-Ei-Ei-E^,n), (A, 2n), {2H - E2- E3- E^, 1). 

The total class is 

(2n + 2)H - (n + 1)^2 - {n + 1)^3 - (n + 1)^4 - riE^, 

which has J— genus and is Cremona equivalent to {n + 1)H — nEi. 

First apply move (Hi) to the —1 vertex {Ei,2n) to obtain the curve con- 
figuration with 3 vertices weighted by 

{H-E2- E3,n), {H-Ei- E5,n), {2H - E2 - E3 - E^, 1). 

Then apply move (i) to the first two vertices to obtain the curve configuration 
with 2 vertices weighted by 

{2H -E2-E^-Ei- E5,n), {2H - E2 - E3 - E^, 1). 

3.4. Nef, connected curve configuration v^itii at least two vertices. 

3.4.1. Rearrangement. 

Lemma 3.12. Suppose a connected, nef curve configuration has at least two 
vertices. After applying curve expansion and appropriate curve combination 
moves (i), (ii), (Hi) to —1 vertices, we would end up with a connected, nef 
curve configuration such that 

• All vertices with non-negative self-intersection have multiplicity 1; 

• The —1 vertices are not adjoined to each other. Moreover, any —1 
vertex is not adjoined to a vertex with non-negative self-intersection; 

• // vertices weighted by {Di,ni), 1 < i < t with Di ■ Di < —2 are all 
adjoined to a —1 vertex E, then 

niDi ■ E -\ h ntDt ■ E > uq. 
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Proof. We apply move (i) first to each —1 vertex. After this is done we 
could assume that, for any —1 vertex, its multiplicity m is different from the 
multiplicity of any adjoined vertex. 

We now apply move (ii) to each —1 vertex whenever it is adjoined to a 
vertex with self- intersection at least —1. 

After applying moves (i) and (ii) repeatedly, we could assume that the 
second bullet is valid. 

Given a —1 vertex weighted by (i?, mo), suppose the vertices that are 
adjoined to it are weighted by {Di,ni),l < i < t. Observe that, by the 
second bullet, each Di has self- intersection < — 2 and 

e - E = riiDi ■ E -\ h ntDt ■ E - uq. 

Since the total class e is J— nef, we have a priori that 

no < niDi ■E + --- + ritDt ■ E. 

If uq = niDi ■ E + ■ ■ ■ + ntDt • E, we are then in the situation to apply 
move (iii). This move may actually produce new —1 vertices and even 
vertices with non-negative self-intersection. If so, we apply curve expansion 
and curve combination moves (ii) and (i) again to rearrange so that the first 
and the second bullets are valid. 

We notice that such rearrangement would stop in finite steps. This is 
because of that (a) the total multiplicity is preserved after curve expansion, 
and it is reduced after each curve combination by the first bullet of Lemma 
I3.10|, so we could only apply finitely many curve combination moves, (b) 
between two curve combination moves, the number of curve expansions is 
bounded by the total multiplicity. 

□ 

3.4.2. After rearrangement. 

Lemma 3.13. For a connected, nef curve configuration satisfying all the 
three bullets in Lemma \3.12l if there is a vertex with multiplicity greater 
than 1, then the J— genus 

9j{e) > 1 + ^rnigj{ei). 

i 

This technical lemma will be proved in the next subsection. 

Example 3.14. Here is one example of a connected, nef curve configuration 
satisfying all the three bullets in Lemma \3.12{ and having a vertex with mul- 
tiplicity greater than 1; 6 = {(Ci, 2), (C2, 1), (C3, 1), (C4, 1), (C5, 1)} with 

eci = H - El - E2 - E3, ec2 = = = H, ecj = Ei. 
Here e = 5H - Ei -2E2 - 2E^, and gj{e) = 4. 



3.5. Proof of Proposition 13.81 and Lemma 13.131 
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3.5.1. Proposition \3.8[ 

Proof of Proposition \3.8[ One vertex curve configuration case follows from 
the second half of Lemma 13.71 Hence we assume there are at least two 
vertices. 

Denote the curve configuration by G = {(ej, mj)}. We apply the moves to 
get a curve configuration G' = {{e'j,m'j)} as in Lemma [3.121 By the second 
bullet of Lemma 13.101 and Lemma [3^ the sum Yliidji^i) non-decreasing 
for any curve expansion and curve combination move. 

By Lemma [3.131 if there is a vertex with multiplicity greater than 1, then 

>E,5j(e;) + l 
>Y:^9J{e^) + l. 

If the multiplicity of each vertex is 1, apply the first statement of Lemma 
13.71 instead of Lemma [3TT31 we obtain similarly gj{e) > "Ylidji^i)- 

□ 

3.5.2. A stronger hound. In fact, we can establish the stronger estimate 

gj{e) > ^rmgjieci), 

i 

if there is no vertex having class me' with e' ■ e' = 0, m > 2 and gj{e') > 1 
in any intermediate step of the rearrangement. 

First of all, during the arrangement, if we never need to apply curve 
expansion for vertex C with weight {ec,m) such that ec ■ ec = 0, m > 1 
and gj{ec) > 0, the sum Yli'^^idJ^^i) non-decreasing by the third bullet 
of Lemma 13.101 and Lemma 13.91 

After the arrangement, if there is a vertex with multiplicity greater than 
1, then by Lemma |3.13[ 

gj{e) >J2jm'jgj{ej) + l 
> T.i'migjiei) + 1 

If the multiplicity of each vertex is 1, apply the first statement of Lemma 
13.71 instead of Lemma 13. 131 we obtain gj{e) > Yli^idji^i)- 

3.5.3. Lemma \3.13[ It remains to prove Lemma |3. 131 

Proof of Lemma \3.13[ For a configuration in Lemma [3.121 we suppose there 
are I vertices weighted by {ei,mi). Moreover, 

• If 1 < i < si, then rrii > 2 and ej • Cj < —2; 

• If si + 1 < i < si + S2, then m-j > 2 and Cj • Cj = —1; 

• if si + S2 + 1 < i < si + S2 + S3, then rrii = 1 and Cj • Cj < —1; 

• If si + S2 + S3 + 1 < i < /, then rrii = 1 and • > 0. 



14 



TIAN-JUN LI AND WEIYI ZHANG 



We further let 

S = Sl + S2. 

With this understood we set up to show that if s > then 

adj{e) > '^mi{adj{ei) + 2). 

i 

If 1 < i < s, write rriiei = J2i<k<mi with each ei{k) = Cj. 

adjie) = Ei<i<s Ei<fc<m. adj{ei{k)) 

+ Ei<t<s Ei<k^k'<m, ei(A;) • e^{k') + Ei<»<s("iiei)(e - rmei) 

The adjunction terms 

I 

l<i<s l<k<mi j>s i=l 

We claim that the cross terms 

Cj • mjej + ej • > 2{l — s). 

j>s i<s j,k>s,jytk 

To justify the claim, introduce a = ei + • • • + e^, and rewrite as 

(9) ^ • efc + 2^ej • a + • ^(mi - 2)ei. 

j,k>s,jj^k j>s j>s i<s 

Since m-j > 2 for i < s, the last term of ([9]) is non-negative. 

To estimate the first two terms of ([9]) , view the portion of the configuration 
involving vertices with i < s = si + S2 as one single vertex (a, 1). Along 
with the remaining / — s vertices, we obtain a graph with I — s + 1 vertices. 
Notice that this graph is still connected. 

Twice of the total labeling of this new graph is exactly the sum of the first 
two terms. For this graph of / — s + 1 vertices to be connected, we need at 
least I — s edges. Since each label is positive, we obtain the desire estimate. 

The remaining terms 

Ei<*<. Ei<fc^fc'<m, eiik) ■ ei{k') + Ei<i<s("^*ei)(e - mid) 

(10) = Yli<i<s mim - l)ei ■ ei + I]i<j<s(mjej) • (e - rmei) 



= J2l<^<s^Me-ei). 
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Sum them up, and notice that = 1 if i > s, we have 
adj{e) > Yl\=i ■ adjiei) 

+ Ei<i<s"iie,(e - a) 
+2{l-s) 

= Ei=i ■ (adJiei) + 2) 

+ Ei<i<s - ei) - J2i<t<s 2"^i 

So it suffices to show that 

miei{e-ei)- ^ 2mj > 0. 

l<j<s l<j<s 

We separate the discussion to the cases i < si and si + 1 < i < s. 
Case I: When i < si, since the curve configuration is nef, 

miei{e-ei)- ^ 2mj > ^ -rmei ■ Si - 2mj > 0. 

l<j<si l<i<si l<j<si l<i<si 

The last inequahty holds because mj > 2 and < —2 if 1 < i < si. 
Case II: 

For si + 1 < i < s, we need to be more careful. 
e ■ Si = rujej + ^ ej + rriiei) ■ Ci = mjCj ■ ei - rrii. 

j<si s+l<j<s+S3 {jjti:ej-eiy^O} 

The equalities hold by the second bullet of Lemma 13.121 
Furthermore, by the third bullet of Lemma I3.12| 

TUjej ■ ei — rrii > 1 

for any si + 1 < i < s. Now, for si + 1 < i < s, 

miei{e — ei) = miCi ■ e — mjcf > rrii + rui = 2mi. 
Combining these two cases, we have proved the Lemma. □ 



4. Rational curves 
When gj{e) = 0, we get more precise information. 
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4.1. Tree of smooth components. 

Corollary 4.1. Suppose e is a J—nef class with gj{e) =0. If Q = 
{{Ci,mi),l < i < /} € M.red,e is Connected, then each irreducible compo- 
nent is a smooth rational curve. 

Proof. Since gj{e) = and gj{ei) > 0, it follows from ^ that we must have 
9j{^i) = for each i. By the adjunction inequality, each Cj is a smooth 
rational curve. □ 

Now we show that is a tree configuration. 

Definition 4.2. A connected weighted graph with I vertices is called a tree 
if the sum of the labels of the edges is I — 1, which is the minimal number 
ensuring the graph to be connected. 

A tree graph is called a simple tree graph if further, each vertex has mul- 
tiplicity 1. 

Lemma 4.3. Suppose gj{e) = and Q = {(Cj, 1), 1 < i < /} is connected 
curve configuration with total class e, then gj{ei) = and the underlying 
graph is a simple tree. 

Proof. This follows from the argument in Lemma l3. II More precisely, since 
gj{e) = 0, the estimate ([6]) has to be an equality. □ 

Lemma 4.4. Suppose we apply any of the three curve combination moves 
to a connected, nef curve configuration. If each new vertex of the resulting 
curve configuration has adj = —2, then so does each replaced vertex of the 
initial curve configuration. 

Proof. We use the notation Di as in 13.3.21 

For the first two moves, since adj{Di) > —2, it follows from ([7]) that 
— 2 = adj{Di + D2) if and only if 

adj{Di) = adj{D2) = -2, Di ■ D2 = 1. 

For the third move, since adj{D.i) > —2, g,j{E) > and Di ■ E > 0, it 
follows from (HD that -2 = adj (A + (A • E)E) if and only if 

adj(A) = -2, gjiE) =0, D, ■ E = 1. 

□ 

Lemma 4.5. Suppose G = {(ej,mj),l < i < 1} is a connected, nef curve 
configuration with each vertex having adj = —2. Let G' be the curve config- 
uration obtained from G by a curve expansion or a curve combination. If 
G' is a tree, so is G. 

Proof. We only need to verify the change of the sum of labels is no smaller 
than the change of number of vertices. Let e be the total class of G. 

For a curve expansion, a vertex weighted by (D, m) becomes m vertices 
weighted by (D, 1). The number of vertices increases by m — 1, and since G 
is connected, the sum of the labels increases by (m — 1)D ■ {e — D) > m — 1. 
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For curve combination move (i), the number of vertices decreases by 1. 
Suppose the two replaced vertices are Ci and C2 . The sum of labels decreases 
by 

(eCi ■^eci+ec2-^ec,+ec^-ec2)-{{ecr + eca ) • J] ^c-* ) = -eca = 1. 

j>3 j>3 i>3 

The last step is due to the adj = — 2 assumption and Lemma l4.4[ 

For move (ii), the number of vertices is unchanged. Let the two replaced 
vertices be Ci weighted by (L>i,ni), and C2 weighted by {D2,n2). Due to 
the adj = —2 assumption and Lemma [4.41 Di ■ D2 = 1. Hence Di ■ D\ = — 1 
because Di ■ D2 > —Di ■ Di > 0. By nefness, e • -Di > 0. So Ci should 
connect to vertices other than C2 ■ And the sum of labels would increase by 

2(ni-n2)-((ni-n2) + l) > 0. 

For move (iii)t, the number of vertices would decrease by 1. The number 
of labels would increase at least by 

(11) Yl iD^■D, + l)-{t+ D,-D,)>^-^^>-l. 

□ 

Proposition 4.6. Suppose e is a J—nef class with gj{e) = 0. If G is 
connected curve configuration with class e and at least 2 vertices, then G is 
a tree graph. 

Proof. If m-j = 1 for each i, the assertion follows from Lemma l4.3[ 

Otherwise, we apply the curve expansion and combination moves to get a 
connected, nef curve configuration G' with class e and satisfying all the three 
bullets in Lemma l3.12[ Notice that since gj{e) = 0, Lemma 13.131 implies 
that each vertex of G' has multiplicity one. Therefore G' is a tree. 

Then by Lemma 14.51 G is a tree as well. □ 

Corollary 4.7. Suppose e is a J—nef class with gj{e) = 0. If Q = 
{{Ci,mi),l < i < /} € M.red,e is Connected, then the underlying weighted 
graph is a tree. 

4.2. Dimension bound. Suppose e is a J—nef class with gj{e) = 0. If 
= {{Gi,mi),l < i < n} £ Mred,e is connected, by Corollarv 14.11 and 
Proposition 14.61 t^ie underlying curve configuration of is a tree with each 
vertex having genus 0. 

4.2.1. Ig- In light of this, we introduce the following definition. 

Definition 4.8. The dimension of a tree graph G with vertices weighted by 
{{ei,mi)} and having genus is defined to he 

n 
i=l 
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Recall that le^ = max{tej,0}, and i{ei) is the J— dimension defined by 
dS]). Since gj{ei) = 0, ie^ is equal to ej ■ Cj + 1 by Lemma [231 

We stratify Mred,e according to the underlying curve configuration. By 
Lemma 12.61 is the complex dimension of the stratum corresponding to 
the curve configuration G. 

Let L = lf>. By Lemma [2.61 L is the complex dimension of Mirr,e, as long 
as Mirr,e IS nonempty. 

Lemma 4.9. Suppose e is a J—nef class with gj{e) = and L = Ig. If G is 

a connected curve configuration with class e and n > 2 vertices, and vertices 
weighted by {{ei,mi), 1 <i < n}, then 



Since L. > we have 

Corollary 4.10. Suppose e is a J—nef class with gj{e) = and L = l^. 
If G is a connected curve configuration with class e and at least 2 vertices, 
then the dimension Iq of the stratum indexed by G satisfies the following 
bound, 



This is an analogue of Proposition 3.4 in [9], but valid for an arbitrary 
almost complex structure. 

4.2.2. Lemma\4^ 



Let us first assume that n = 1. In this case, since G has least 2 vertices, 
mi > 2. By the adjunction formula, this is impossible if ei • ei = 0. But if 
ei • ei > 0, then e • e > mf, and lei = 1 + ei ■ ei. Therefore 



n 



(12) 




(13) 



Ig<L-1. 




mil, 



mi + mici ■ ei 



1 

mi H e 

mi 



e<l + e- e = L. 



Now we assume that n > 2. Then 



n 



n 



(15) 




i=l 



i=l 



Since G is connected and n>2 



(16) 



mid ■ (e 



mid) > mi 



for each i. 
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I. Let us start with the shnple case where each has Cj • Cj > 0. Then 
lei = i-Ei = ^ + ei ■ ei for each i, and mfei ■ Cj > rmei ■ Cj. By (fTSi) and (fT6]l . 

n 

L > 1 + ^ TTlile^ . 
1=1 

II. General case. Use 1, • • • ,k to label the vertices whose class has self- 
intersection at most —1. Notice that le^ = for i = 1, - ■ ■ ,k. 

Since G is connected, ej ■ (e — rrijej) > 1 for each j > k + 1. Therefore L 
can be estimated as follows: 
(17) 

L = 1 + e-e 

= 1 + Ej=fc+i("T'iei • ej + mjej ■ (e - mjej)) + (^^^i mei ■ e) 
> 1 + Ej=fc+i rrijle^ + (X;Li m^ei ■ e) 

= 1 + Ej=i "^i^ + (Ei=i "T-iCj • e). 

Finally, observe that, by the J— nefness of e, the last term (X]i=i "ijCj • e) is 
non-negative. □ 

4.3. Maximal dimension configurations. We assume M has = 1. 
Let e continue to be a J— nef class with gj{e) = 0. 

If G is a connected curve configuration with class e and at least 2 ver- 
tices, we have shown in the two previous subsections that G is a tree graph 
(Proposition 14. 6p . and Iq is bounded above by L — 1 (Corollary 14. lOp . 

In this subsection we classify all possible maximal dimension configura- 
tions with at least 2 vertices, i.e. configuration G with L = 1 + Iq- 

Let G- be the weighted subgraph containing each vertex whose class has 
self- intersection at most —1. Use Vi,--- ,Vk to label these vertices. Let 
G+ be the weighted subgraph containing remaining vertices, use Vj with 
j > k + 1 to label these vertices. 

Lemma 4.11. If Iq = L — 1 then rrij = 1 for j > k + 1. Namely, the Gj^ 
part is simple. 

Proof. Since Ig^ > 1 for each j > A; + 1, this follows immediately from ()17p 
and the assumption that e is J— nef. □ 

4.3.1. When G_ is empty. 

Lemma 4.12. Iflc = L — 1 and G_ is empty, then n = 2, and mi = m2 = 
1. 

Proof. In this case, by Lemma [4.11t = 1 for each i. Moreover, ej-(e— e^) = 
1 for each i. Since G is connected, this is possible only if n = 2. 

□ 
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In the following we assume that G- is not empty. We first show that G 
contains a centered subgraph. 

4.3.2. A centered subgraph. 

Lemma 4.13. Assume G- is non-empty and Iq = L — 1. Then 

• The vertices in G+ have the same weight with rrij = 1 and • = 0. 

• There is only one vertex in G- which is adjoined to the vertices in 
G+. Denote this vertex by V\. V\ has multiplicity one, and its class 
has self-intersection less than or equal to k — n. 

• The weighted subgraph by the vertex V\ and vertices in G-|_ is a cen- 
tered graph. 

• The weighted subgraph G- is connected. 

Proof. For each i with k -\- 1 < i < n, le- > 1. Since Iq = L — 1, hy (jl7p , 
then mj = 1 if /c + 1 < i < n, and 

(18) ei-{e-ei) = l, if k + I < i < n. 

It follows from (|18p that, if there are i ^ i' > k -\- 1 such that ■ ej' ^ 0, 
then Vi and Vi' are not adjoined to any other vertex. But this is impossible 
since G_ is non-empty and G is connected. 

Hence, for i > k-\-l, the vertices Vi are not adjoined to each other. Since 
b'^{M) = 1, by light cone lemma, • = for each i > /c + 1, and for 
i,i' > k -\- 1, Ci = aci'. By the adjunction formula, a = 1 for any pair. We 
have established the first bullet. 

By the first bullet, the vertices in G+ are disjoint. It follows from (llSp 
that, each vertex in G+ is adjoined to a unique vertex in G_, and this vertex 
in G_ has to have multiplicity one. Since the classes of vertices in G+ are 
the same, the vertices in G+ are actually adjoined to the same vertex in G_. 
Denote this vertex by Vi. 

From ()17p . we also have 

(19) e-ei = 0, iii<k. 

It follows that the class of Vi has self-intersection less than or equal to k — n. 
We have now established both the second and the third bullets. 

For the last bullet, it is a consequence of the second bullet since G is 
connected. □ 

Next we show that G is a special kind of centered graph when G_ is not 
empty and there are no —1 vertices. 

4.3.3. When G_ is not empty and there are no —1 vertices. 

Lemma 4.14. Suppose Iq = L — 1, G_ is not empty and there are no — 1 
vertices. Then G_ contains a unique vertex V. Furthermore, if ey-ey = —b, 
then G is a centered graph with b teeth. 
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Proof. We first show that all vertices of G have multiplicity 1. By the first 
bullet of Lemma [4.13l this is true for any vertex in G+. Since there are no — 1 
vertices, no curve combination move is needed to achieve the configuration 
described in Lemma l3.12[ Apply Lemma 13.131 to conclude that all vertices 
of self-intersection less than —1 also have multiplicity 1. 

Now we show that every vertex in G_ is adjoined to at least two vertices 
of G. Since every vertex of G has multiplicity one, and each edge of G has 
label 1 by Proposition 14. 6^ we see that from (I19p . once a vertex in G- is 
adjoined to only one other vertex of G, its self-intersection should be — 1. 
But this is excluded by our assumption. 

By the second bullet of Lemma 14.131 there is only one vertex Vi in G_ 
which is adjoined to vertices in G+. So any other vertex in G_ is adjoined 
to at least two vertices in G_ . By the last bullet of Lemma I4.13| G_ is 
connected. So if G_ has more than one vertex, Vi is adjoined to at least one 
another vertex in G_. 

Thus, if /c > 2, twice of the number of edges in G_ is at least 



This means that there must be a cycle in the weighted subgraph G_. This 
implies that there is a cycle in G as well, which contradicts Proposition 14.71 
Hence, there is only one vertex in G_ . 

Finally, we conclude that G is a centered graph by the third bullet of 



The remaining case is that G_ contains —1 vertices. We start with the 
following observation. 

4.3.4. G in Lemma [3JR 

Lemma 4.15. Suppose G satisfies all the three bullets in Lemma \3.12\ and 
Iq = L — \ or L. Then G contains no —1 vertices. 

Proof. If = L, then G has only one vertex by Corollary 14.101 This vertex 
is not a —1 vertex since its class is just e, which is assumed to be J— nef. 

Now let us assume that Iq = L — 1. Notice that, if there is a —1 vertex 
E in G, then by the second and the third bullets of Lemma 13.121 we have 
Cq ■ E > 0. But this contradicts to (fT9]) . □ 

In light of Lemma 14.151 we next analyze how Iq changes under curve 
moves. 

4.3.5. Ig under curve moves. 

Lemma 4.16. Let G' be obtained from G by a curve expansion. Then 
h < h' ■ 

Proof. This is clear since 



2(/c - 1) + 1 = 2A; - 1 > 2(/c - 1). 



Lemma 14.131 



□ 



D-D + K n{D-D + l) 



if L» • D > and n > 1. 



□ 
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Lemma 4.17. Let G' he obtained from G by a curve combination, which is 
not of type (i)i with Di ■ Di 7^ — 1 . Then Iq < Ic ■ Furthermore, Ig = Ic if 
and only if the class of each new vertex of G' has negative self-intersection. 
Especially, under such a move, Ig = Ig' if Ig = L — 1 and G' has more than 
one vertices. 

Proof. For move (i)„ with n > 2, the part modified has /^i + ~ 0- 
For move (iii), the part modified has Ylii=i ^-Di + l-E = 0. 
In these two cases, Ig < Ig' since a new vertex V always has ly > 0. The 

equahty Ig = Ig' holds if and only if V has negative self-intersection. 
For move (ii), since ni > 2, we have Id^ =0. Meanwhile, 

{Di + D2)-{Di+D2)>D2-D2, 

which implies Ig < Ig'- The equality Ig = Ig' holds if and only if {Di + 
D2) ■ {Di + D2) < 0. 

For move (i)i with Di ■ Di = —1, we have 

D2-D2 + l<{Di + D2) ■ {Di + D2) + 1. 

Similarly, Ig = h' if and only if {Di + D2) ■ {Di + D2) < 0. 

The last statement follows from Corollary 14.101 □ 

4.3.6. G in Lemma \3.1S\ revisited. Given the two lemmas above, we have 
the following more precise description of G. 

Lemma 4.18. Suppose G contains a —1 vertex and Ig = L — 1. We apply 
curve moves as in Lemma \3.12\ to adjust G to a configuration G satisfying 
all the three bullets there. Let Gp, ...,Gi be the intermediate graphs. Then 

• Ig.=L-1, 

• Iq = L — 1 or L, 

• There are no —1 vertices in G, 

• Lf G has at least 2 vertices, then it is either a graph with precisely 2 
vertices as in Lemmas \4-12 . or a centered graph as in \4.14[ 



• G is a simple tree graph. 

• G- contains at most one vertex. 

Proof. Notice that the curve combinations in Lemma 13.121 only involve — 1 
vertices, the first and second bullets follow from Lemmas 14.161 14.171 and 
Corollary KW\ 

The third bullet follows from the second bullet and Lemma 14.151 
We now prove the fourth bullet. If G has at least 2 vertices, by Corollary 
14.101 and the second bullet, 1^ = L — 1. Since G contains no —1 vertices by 
the third bullet, the statement follows from Lemmas 14. 12^ WAM 
The last two bullets follows from the fourth bullet. 

□ 

We will see that only the following restricted moves, which we call com- 
binatorial blow-downs, are needed to obtain G from G. 
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4.3.7. Combinatorial blow-downs. 

Definition 4.19. A simple combinatorial blow-down applied to a weighted 
graph G is the following process of removing a —1 vertex V of genus 0. 

(1) Either V is weighted by {v,t) and adjoined to only one vertex U 
weighted by {u,t) with u ■ v = 1, then in the new graph these two 
vertices are removed and a new vertex U' weighted by {u -\- v,t) is 
added. 

(2) Or V is weighted by {v,ti +t2) (md adjoined to exactly two vertices 
Ui weighted by {ui,ti) and U2 weighted by (^2,^2) with edges labeled 
by one, i.e. v ■ ui = v ■ U2 = 1, then these three vertices are replaced 
by two new vertices U[ weighted by (ui + ^,^1) and U2 weighted by 

{U2 + V,t2). 

The inverse process is called a simple combinatorial blow-up. 

Geometrically, the first bullet corresponds to blowing up at a smooth 
point in the subvariety, the second bullet corresponds to blowing up at a 
transversal intersection point of two irreducible components. 

4.3.8. Each move is a combinatorial blow down. 

Lemma 4.20. Suppose G contains a —1 vertex and Iq = L — 1. Then after 
applying simple combinatorial blow-downs, G can be turned into a curve 
configuration G with no —1 vertices. There are two cases: 

• G consists of only one vertex, whose class has non-negative self- 
intersection. In this case, except for the last blow-down, all the ver- 
tices involved in blow-downs have classes with negative self-intersection. 

• G is a centered graph. In this case, all the vertices involved in blow- 
downs have classes with negative self-intersection. 

Proof. We apply curve moves to adjust G to a configuration G as in Lemma 

KM 

Let Gp, ...,Gi be the intermediate graphs. It is convenient to sometimes 
write G = Gp+i and G = Gq. 

By Lemma 14.41 and Lemma 14.51 for each i >0, each Gi is a tree graph of 
genus vertices. Further, by Lemma 14.181 Go = G is a simple tree graph 
and G_ contains at most one vertex. 

For i > 1, Gi contains at least 2 vertices, one of them is a —1 vertex. In 
fact, the move from Gj to Gi_i involves a —1 vertex of Gj. By Lemma 14.18^ 
G has no —1 vertices, 

(20) lG,=L-lfoTi> 0, and l^ = L - 1 or L. 

No expansion moves: First we notice that curve expansion never occurs 
in the process. By Lemma 14.161 and (j20p . it could only possible occur in 
the last step, from Gi to G and when = L. If this is the case, then G 
has more than one vertices since expansion increases the number of vertices. 
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However, this is impossible since in this case G consists of a single vertex 
with multiplicity one due to the assumption Iq = L. 

The move from Gq to Gq-i for q > 2: We know it is a combination move 
involving a —1 vertex. We will show that it is a simple combinatorial blow 
down. 

We first make a general observation. Notice that for q > 2, Ig^ = ^Gq_i- 
Therefore, by Lemma 14.171 the classes of the new vertices in Gq-i have 
negative self-intersection. 

I. Suppose for some q > 2 the move from Gq to Gq^i is a type (i) move. 
Then there are two adjoined vertices of the tree graph Gi, Ui weighted by 
{ui,t) and U2 weighted by {u2,t), one of them, say U2, is a —1 vertex, and 
they are replaced by a vertex U oi G weighted by {ui +U2-,t). Clearly, this 
move is just a type (1) simple combinatorial blow-down. 

Notice that {ui + U2) ■ {ui + U2) = • ui + 2 — 1 = ui • ui + 1 is negative. 
Therefore ui ■ ui is negative as well. 

II. Moves (ii) are not needed. Suppose for some q > 2 the move from 
Gq to Gq-i is a type (ii) move in the proof of Lemma 13.121 Since such 
a move is applied to a —1 vertex and another vertex whose class has self- 
intersection at least —1, the class of one new vertex of Gg-i has non- negative 
self-intersection. But this is impossible. 

in. Suppose for some q > 2 the move from Gq to Gq-i is a type (iii)i 
move. Then there are t vertices Ui of Gi weighted by {ui,ni), 1 < i < t, 
and a —1 vertex V of Gi weighted by {v,no), such that 



They are replaced by vertices Wi weighted by (uj + v, Ui). 

Both Gq and Gq-i are tree graphs, and since the number of vertices of 
Gq-i is 1 less than that of vertices of Gq, the number of edges of Gq-i is 
also 1 less than that of labels of Gq. Apply the inequality pT]) . we find that 
it is only possible that t = 1 or 2. 

When t = 1, the move is also a type (i) move, so it is a type (1) blow- 
down. As already shown, the classes of the involved vertices all have negative 
self- intersection. 

Now assume that t = 2. Notice that Ui ■ v = 1 since Gq is a tree graph. 
Hence this move is a type (2) simple combinatorial blow-down. We just need 
to verify the classes of the involved vertices all have negative self-intersection. 
This is true for Ui, U2 and V by assumption. For Wi, this is also true since 
{ui + v)-{ui + v) < -2 + 2-1 = -1. 

The move from Gi to G: The next step is to analyze the curve move 
from Gi to Gq = G. 

L Suppose this step is a type (i) move. We have already shown that it is 
a type (1) combinatorial blow-down. Here we have 

Since G is simple, t can only be equal to 1. 




and 




J 
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If (ui + U2) • {ui + U2) > 0, then Iui+U2 ^ ^ui + + 1 and hence > 
+ 1 = L. By Corollary I4.1UI G consists of a single vertex weighted by 
(ui + U2, 1). Thus this case corresponds to the first bullet of Lemma 14.201 

If {ui + U2) ■ {ui + U2) < 0, then 1^ = Iq^ = L — 1 and G_ is not empty. 
Hence (5 is a centered graph as in Lemma 14.141 Moreover, notice also that 
ui-ui < —U2 ■ U2 — 2ui ■U2 = 1 — 2 = —1. Thus this move is a combinatorial 
blow-down and the classes of all the vertices involved have negative self- 
intersection. This case corresponds to the second bullet of Lemma 14.201 

II. Suppose this step is a type (ii) move. Then there are two adjoined 
vertices of the tree graph Gi, Ui weighted by {ui,ti) and U2 weighted by 
(142,^2) with ti > t2 and 

(21) Ul ■ Ui> —Ui ■ U2 = —1. 

One of them is a —1 vertex, and they are replaced by a vertex U weighted 
by {u\ + U2,t2) and a vertex V weighted by {ui,ti — 12). 

If C/i is a — 1 vertex, then the vertex 1/ of G is a —1 vertex. But G doesn't 
contain any —1 vertex, so Ui is not a —1 vertex, and from pip we must 
have Ul ■ Ul > 0. We then conclude that ti = 1 by Lemma 14.111 But then 
t2 = since t2 <ti. This simply means that this step cannot be a type (ii) 
move. 

III. Suppose this step is a type (iii)t move. 
Since Gi is a tree graph, ui ■ v = 1. Hence 

{ui + v)-{ui + v)< -2 + 2-1 = -1 

for \ < i <t. Since G- contains at most one vertex, we have t = 1. Thus 
in this case G is a centered graph. 

Since G is a simple graph, we have ni = 1 = uq. In other words, this 
move is actually a (special case of) type (i)i move, and this case corresponds 
to the first bullet of Lemma 14.201 

We thus complete our proof. □ 

4.3.9. Summary. Thanks to Lemmas 14. 12^ 14. 14^ 14. 20^ we can completely 
describe those G with Iq = L — 1. 

Proposition 4.21. Suppose b'^{M) = 1, e is a J—nef class with gj{e) = 0. 
Let G be a connected curve configuration with class e and /g = 1. 

IfG does not contain any —1 vertex, then G is a simple graph tree. More- 
over, it is either a graph with precisely 2 vertices as in Lemmas \4.12 . or a 
centered graph as in \4-14\ U G contains a — 1 vertex, then G is as described 
in Lemma l4-20\ 

4.3.10. Maximal dimension strata of M.red,e- We translate Proposition 14.21] 
to the description of the maximal dimension strata of ^Ared,e■ 

To state the result, for € Mred,e, write = 0+ U 0_, where 0_ 
contains each pair {C,m) with ec • ec < —1- Label the pairs in 0_ by 
(Gi,mi),--- ,(Gfc,mfc). A pair (G, 1) is called a —1 component if G is a 
smooth rational curve with ec • ec = —I- 
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Theorem 4.22. Suppose 6^(M) = 1, e is a J—nef class with gj{e) = 0. 
Let = {(Ci,mi), 1 < i < n} he a suhvariety in M.red,e, o,nd L = le- Then 
L = 1 + Y17=i ^ec ^''^^y ^/ ^'^'^h rrii is equal to 1. 
Moreover, satisfies the following conditions: 

• If G_ is empty then n = 2, eci ■ ec2 = 1; ec^ • ed > 0. 

• //©- is not empty and there is no —1 component, then B_ consists of 
a unique component Ci with eci ■ eci = 1 — n < —2, and 0+ consists of at 
least n — 1 > 2 components Ci,i > 2, with Cd = ■ ■ ■ = ec„ and e^ ■ Cd = 0. 
Moreover, eci ■ ec2 = 1- In short, Q is a comb like configuration. 

• Suppose 0_ contains a —1 component. Then 

(1) either Q is a successive infinitely near blow-up of a smooth rational 
curve with non-negative self-intersection. 

(2) or @ is a .successive infinitely near blow-up of a comb like configura- 
tion in the second bullet at points in Ci . 

Conversely, if is as in any bullet above, then L = 1 + Y17=i ^ec • 

Remark 4.23. What (1) of the third bullet means is that, starting from the 
second blow-up, we only blow up at a point in a component with negative 
self-intersection. 

What (2) of the third bullet means is that, all the blow-ups, from the 
second one on, occur at some point not lying in the proper transform of the 
original configuration. Equivalently, it means that we successively blow up 
in the union of components of negative self-intersection. 

Remark 4.24. By Proposition \2.1(\ the condition b^{M) = 1 is automatic 
if J is assumed to be tamed. 

4.4. Tamed J. In this subsection J is assumed to be a tamed almost com- 
plex structure on M. 

Let e be a class in Skj- Recall that Skj is the set of i^j— spherical classes, 
defined to be {e G S\gj{e) = 0}. Here S is the set of homology classes which 
are represented by smoothly embedded spheres. 

4.4.1. Connectedness and J—nef class. 

Proposition 4.25. Suppose e € Skj and = {(Ci,mj)} G Aie- If e-Cd > 
0, then is connected and each component Ci is a smooth rational curve. 

Proof If e • e > 0, then 6+(M) = 1 by Proposition ElOl 

Suppose is not connected. Since 6~^(M) = 1, and each class Cd is non- 
trivial by Lemma [2.91 either has a connected component D with negative 
self- intersection, or it consists of p > 2 homologous connected components, 
Di, with self- intersection 0. 

The first case is impossible since e ■ eo = sd ■ < 0. 

In the second case, denote e' = e^i- Then —2 = Kj ■ e = Kj ■ pe' . Thus 
p = 2. But Kj ■ e' = 1 and e' ■ e' = 0, which is impossible since Kj is 
characteristic. 
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If e • e < 0, we use the following argument. Suppose G is not connected, 
then there is a connected component D with negative self-intersection. No- 
tice that, on the one hand, e • [D] is negative. On the other hand, the class 
of any irreducible component of D is not e, and so it pairs non- negatively 
with e by assumption. This is a contradiction. 

Since is a nef configuration, Proposition 13.81 implies each component Cj 
is a smooth rational curve. □ 

Example 4.26. In Cp2^2CP2, if Ei - E2 is J -effective, then the class 
3H — 2E2 in Skj is not J— nef, and there is a disconnected curve in this 
class with connected components in 3H — Ei — E2 and Ei — £'2- 

Proof of Theorem \1.5\ and Corollary li.gl If B is in either Theorem 11.51 or 
Corollary 11.61 it satisfies the assumption in Proposition 14. 25^ so it is con- 
nected. Apply Corollary 14.11 and Corollary 14.71 □ 

4.4.2. Remarks on Theorem I j.5l Examples 13.31 and 14.261 demonstrate that 
J— nefness is necessary for Theorem 11.51 

As mentioned in the introduction. Theorem 11.51 and Proposition 14.91 are 
crucial in [6J in applying Taubes's subvarieties-current-form's approach to 
Donaldson's tamed versus compatible question for an arbitrary tamed al- 
most complex structure on rational manifolds. 

4.4.3. Remarks on Corollary \l.(k Various versions of Corollary 11.61 have ap- 
peared in the literatures. When J is integrable, it is used in the classification 
of rational surfaces in [2]. On page 521 in [2], a simple argument is given, 
but unfortunately, it is not correct. Q 

When M = Cp2#A:CP2 with A; < 9, it is shown in [10] that for any tamed 
J, an irreducible curve C with C • C < must be a smooth rational curve. 
One can easily deduce Corollary 11.61 for such manifolds from this fact. 

For a generic tamed J, McDuff [7J provided a more intricate argument and 
established several special cases, which are essential in characterizing ratio- 
nal symplectic 4— manifolds in terms of embedded symplectic spheres with 
positive self-intersection. Recently, McDuff in [8j investigates the structure 



of generic pseudo-holomorphic curves in a relative setting. As a by prod- 
uct, she obtains the same statement as in Corollarv 11.61 in this setting (see 
Corollary 1.7 in [8]). 

Corollary 11.61 applies to an arbitrary subvarieties in the moduli space. 
If the subvariety lies in a connected component of the moduli space which 
contains a smooth rational curve, one could prove the result using the stable 
curve approach in Gromov-Witten theory. 



^Since the third term there should be | ^^^^1 Q-i/'C'^ ■ C^i — + 1, which is not 

necessarily nonnegative. 
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